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Necessary conditions for Holder regularity gain of d 

equation in 

Young Hwan You * 


Abstract 

Suppose that a smooth holomorphic curve V has order of contact ry at a point wq in 
the boundary of a pseudoconvex domain 0 in C^. We show that the maximal gain 
in Holder regularity for solutions of the ^equation is at most 


1 Introduction 

Let e be a given domain in C" and a be a c)-closed form of type (0,1) in 0. The 
^-problem consists of finding a solution u of du = a that satisfies certain boundary 
regularity estimates as measured by either or norms or in Holder norms. 

When e is strongly pseudoconvex, in the L^-sense, Kohn nm showed that for any 
s > 0, there is a canonical solution of du = a such that 

111^11 |s+e < (C ||a||^ and u T n(e) n L^(e), (1.1) 

with e = |. (We say u is the canonical solution if n T A(e) fl Here, H-H^ is the 

L^-Sobolev norm of order s and the norm ||| ■ |||s+e measures tangential derivatives near 
the boundary of order s + e in the tangential directions. Kohn showed that if U satishes 
DU = {BB* + d*d)U = a, and if Ba = 0, then u = B*U is the canonical solution of Bu = a. 
To prove regularity for this solution, Kohn proved the a priori estimate 

llli>lll?<c(||adt + ||S>|f + ikin (1.2) 

with e = i. Here, (f) G fl Dom(9) fl Dom(9*) is compactly supported in the 

neighborhood W of the boundary point wq. Using this estimate and a bootstrap argument, 
Kohn proved fll.ip . Stein and Greiner [6] later extended fll.ip to similar estimates in 
and Holder spaces. For example, if |HlA»(n) Hblder norm of degree s, then Stein 

and Greiner proved that u satishes 

ll'^^llAo+qo) — ^ II“IIa'>(o) ) (1-3) 
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with e = 

Kohn extended his results to when is a regular hnite 1 -type pseudoconvex domain 
in C^. To dehne a regular hnite 1 -type, we measure the order of contact of a given 
holomorphic curve at wq E bfl. Let Id be a one-dimensional smooth variety parametrized 
by C 7(0 = (71(C)) ■ ■ ■ )7n(C))) where 7(0) = Wq and 7'(0) 7^ 0. We dehne the order 
of contact of the curve by VoiR ° 7)) where i? is a dehning function of and 1^0(9) is 
just the order of vanishing (an integer at least equal to 2 ) of (7 at 0 . We then dehne the 
type, T^^{wq) = sup{r'o(-R o 7); all 7 with 7(0) = zao)7XO) 7^ 0 }. Further, we can dehne 
the regular type of by = sup{rj^'^®(t(;o); icq G bil}. Kohn | 9 ] proved that if 

is a regular hnite 1-type pseudoconvex domain in C^, then fll.ip holds for e = 
Similarly, Nagel-Rosay-Stein-Wainger [ 13 ] showed that fll. 3 p also holds for the same e. 


In order to discuss similar estimates in it is important to consider the order of con¬ 
tact of singular curves. We dehne the order of contact of a holomorphic curve parametrized 
by C ^ 7(0, with 7(0) = Wo, by (7^(7, Wq) = ^77^, where 1^0(7) = min{i/o(7fc); ^ = 
1 , • • • ,n}. Dehne the type of point icq by Tq{wo) = sup{C'q(7, wq); all 7 with 7(0) = tco} 
and hnally, the type of D is Tq = sup{TQ(t(;o); tco G 6D}. In the case of the L^-norm, 
Gatlin [ 2 ] showed that if there is a curve V parametrized by 7 through wq G bQ, where 
D C and fll. 2 p holds, then e < 777777)- In Holder norms, McNeal [ 12 ] proved that if, 
with an additional assumption, D admits a holomorphic support function at wq G bfl and 
(m holds, then e < 777:^. 

There is the third notion of type, the “Bloom-Graham” type, Tbg{wo). It turns out 
that Tbg{wo) is the maximal order of contact of smooth (n — l)-dimensional complex sub¬ 
manifold. Thus, it follows that for any wq G bQ, Tbg{.wq) < T^^^{wo) < Tn{wo). Krantz 
m showed that if Tbg{wo) = m, then e < ^. 


In this paper we present geometric conditions that must hold if Holder estimate of 
order e is valid in a neighborhood of Wq G bQ in C^. The main result is the following 
theorem: 

Theorem 1 . 1 . Let Q = {R(w) < 0 } be a smoothly bounded pseudoconvex domain in C^. 
Suppose that there is a 1 -dimensional smooth analytic variety V passing through wq such 
that for all w E V, w sufficiently close to wq, 

\R{w)\ < C\w - wol"^, 

where 7 > 0 . If there exists neighborhood W ofwo so that for all a G with da = 0 , 

there is a u E n D) and C > 0 such that Bu = a and 

ll“llA7wnn) — ^II‘^IIloo(o)> 

then e < -. 

— ri 

Corollary 1 . 2 . e < 7^^. 

Remark 1 . 3 . 
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i) //Tbg('W^o) = + 00 , Krantz’s result 07]/ holds for any m > 0 and we eonclude 

e < ^ - for large m. Thus we can assume Tbg{wq) = m < oo. Furthermore, since 

e < we can assume m < r] in the rest of this paper. 

ii) Theorem li.il improves the results by Krantz lii]/ and McNeal in the sense that 
we obtain sharp result since rj > m and do not assume the existence of a holomorphic 
support function. Note that the existence of holomorphic support function is satisfied 
for restricted domains (see the Kohn-Nirenberg Domain fWf ). 

To prove Theroem ll.il the key components are the complete analysis of the local ge¬ 
ometry near wo G bfl (Section [2]) and the construction of a bounded holomorphic function 
with large nontangential derivative near the boundary point (Section [3]). In Section |2], we 
construct special holomorphic coordinates about wq which are adapted to both Bloom- 
Graham type and the order of contact of V. Then, we use the truncation technique 
developed in [3] to deal with two dimensional slices of the domain. In Section |3l by using 
the holomorphic function constructed by Gatlin |1] on two dimensional slice, we construct 
a bounded holomorphic function / with a large nontangential derivative defined locally 
up to the boundary in C^. Finally, in Section 01 we prove Theorem 11.11 by using the 
constructed holomorphic function. 


2 Special coordinates 

Let G be a smoothly bounded pseudoconvex domain in with a smooth defining function 
R and let Wq G bil. Since dR{wo) ^ 0, clearly we can assume that ^^(w) 7^ 0 for all w 
in a small neighborhood W about Wq. Furthermore, we may assume that Wq = 0. In 
Theorem 12.11 we construct a special coordinate near wq which changes the given smooth 
holomorphic curve into the Zi axis and have a nonzero term along the Z 2 axis when zi = 0. 

Theorem 2.1. Let G = {w] R{w) < 0} be a smoothly bounded pseudoconvex domain in 
and let TBci^) = m, where 0 G 6G. Suppose that there is a smooth 1-dimensional 
complex analytic variety V passing through 0 such that for all w eV,w sufficiently close 
to 0, 

\R{w)\<C\w\^, (2.1) 

where p > D. Then there is a holomorphic coordinate system {zi,Z 2 ,Z 3 ) about 0 with 
w = "^{z) such that 

{[) r{z) = Ro^{z) = Rez^+ + 0{\zf\\z\ + \z'\^^^), 

\a\ + \g\=m 
|o|>0,|/3|>0 

(ii) |r(f, 0,0)1 < \t\^ 

(iii) 00,02, 0,^32 7^ 0 with a2 + 1^2 = rn for some 02 > 0, /32 > 0, 
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where z' = (zi, Z 2 ), and z = (zi, Z 2 , Z 3 ). 

Note that r] is a positive integer since y is a smooth 1-dimensional complex analytic 
variety. To construct the special coordinate in Theorem 12.11 we start with a similar 
coordinate about 0 in as in Proposition 1.1 in [1]. 

Proposition 2.2. Let Tbg(O) = rn and = {w G C^;R{w) < 0}. Then there is a 
holomorphic coordinate system u = (mi,M 2,'U3) with w = T(ti) such that the function R, 
given by R{u) = Ro^(^u), satisfies 

R{u) = Reu 3 + ^ ba,/ 3 u'°‘u''^ + 0 {\u 3 \\u\ + (2.2) 

\a\+\IS\=m 

\a\>0,\l3\>0 

where u' = (mi, ^ 2), and where ba^y 7^ 0 for some a, fi with |q;| -|- \ j3\ = m. 

Proof. Bloom and Graham [1] showed that Tbg{wo) = m if and only if there exists 
coordinate with wq equal to the origin in and ba^y 7^ 0 for some a, (3 with \a\ + \l3\ = m 
such that 


= Retca-|- ha^yw'^'w'^ + 0{\w3\\w\ + 

\ci\ + \IS\=m 
\a\>0,\p\>0 

where a = (oi, 02); fi = [fii-, ^ 2 ) and w' = {wi, 1^2)• 

Now assume that we have dehned 0G —)■ so that there exist numbers b^^y for 

|q;|, \ j3\ > 0 and |q;| -1 - |/3| < / -|- 1 with I > m so that Ri = Ro (fi satishes 

i 

Ri{v) = Rev 3 + ^ b^^yv'^'v'^+ 0{\v3\\v\ + \v'\^^^), ( 2 . 3 ) 

\a\ + \l3\=m 
|a|>0,|/3|>0 

where v' = {vi,V 2 ) and v = { 01 , 02 , 03 ). 

If we dehne 

(uuU2,U3- 

^ \a\=l+l ■ ^ 

then Ri+i = Ri o 0^+^ = Ro (ff o 0^+^ satishes the similar form of (12. 3 h with I replaced by 
I + 1. Therefore, if we take T = 0^ o • • • o then R = Ro ^ satishes 

R{u) = Reu 3 + ba,yu'°‘u'^ + 0{\u3\\u\ + 

\a\ + \j3\=m 
\a\>O,\0\>O 

□ 

From now on, without loss of generality, we may assume that i? is i? by Proposition 

[221 
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Lemma 2 . 3 . Let 7 = (71,72,73) : C ^ V be a local parametrization of a one-dimensional 
smooth complex analytic variety V. If |-R(w)| < \w\^ for w E V, then we can assume 
7 = (71,72,0) (i.e., 73 vanishes to order at least rj). 

Proof. We show 73 vanishes to order at least rj. Since 7(0) = 0, we know 73 vanishes to 
some order 1. If we snppose / < r], then 73(t) = ait^ + C>(t^+^), where ai 7^ 0. Then 

i?(7(t)) = Re73 + + C»(|73||7l + 

\a\ + \l3\=m 
|a|>0,|/3|>0 

= +1?) + ( E 

j>0,/c>0 

Note that the hrst parenthesis consists of order I pnre terms and the snmmation part 
consists of the mixed terms. The hrst one is essentially |t|^ with I < i], so if we want 
to improve on the order of contact, then some terms of the snmmation part must cancel 
it. However, it is impossible because the summation part has all mixed terms. This 
contradicts our assumption |r o 7(t)| < |f|^. Therefore, 73 vanishes to order at least rj. 

□ 

Let A{ui, U 2 ) = X) ba,pu'°‘u'^ be the homogeneous polynomial part of order m in 

\a\+\IS\=m 

|o|>0,|/3|>0 

the summation part of fl2.2p . In the following lemma, we show that there is some nonzero 
mixed term along some direction in C^. 

Lemma 2 . 4 . Consider A{hz, z) for all h, z E C. Then there is some h E C such that 

d^A 

^^( 0 , 0 ) ^ 0 , for J,k> 0 . 

Proof. Suppose that for all h, A{hz, z) = P{h)z'^ + P{h)z‘^. Since A{hz, z) is a polynomial 
in z, h and h and = m\P{h), P{h) is a polynomial. Let P{h) = . Now, 

we have A{hz,z) = + '^dj^kh^h^z'^. Since Ui = hz and U 2 = z, we have 

^ ^ and z = U 2 . Therefore, A{ui,U 2 ) = E a7fc(^)^(|;)^^^ + E hi.fc(|;)^(^)^h^- This 

forces j and to be 0 because A{ui,U 2 ) is a polynomial. Therefore, we have A{hz,z) = 
flo,o-2™'+ao,o^™'- This means A{ui, U 2 ) = ao,oM2"^+ho,oh™. However, this contradicts ba,p 7^ 0 
for some a, (3 with |a|, \ j3\ > 0 and |a| + \(3\= m in (12.21) . □ 

Now, we prove Theorem 12.11 

Proof of Theorem \ 2 . 1 \ We may assume 71^0) 7^ 0, and hence, after reparametrization, 
we can write 7(t) = (t,72(t),0). Now, dehne 

u = Ti(n) = {vi,V2 + 72(^^i)W3)- 
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Since 72(t) = C>(|^|) is holomorphic, fl2.2p means 


ri{v) = Ro = Re ^;3 + ^ + 72(^^i))“"(^^2 + 72^))^" + Ei{v) 

|o| + |/3|=m 
|a|>0,|/3|>0 

V 

= Rews + ^ Ca,i3Vi^Vi^V2^V2‘^ + Ei{v), where Ei{v) = 0{\v3\\v\ + 

|o|+|^|=m 

l«l>0,|/3|>0 


Note that Tbg = means Ca,p 7^ 0 for some a,/? > 0 with |a| + |/3| = m. Now, we fix h 
in lemma [2^ and define 


V = ^' 2 ( 2 :) = (^1 + hZ 2 , Z 2 , Z 3 ). 

Then, we have 


r{z) = ri o ^2(2;) = i? o Ti o ^2(2:) 

V 

= Reza + Cq_^(zi + hz 2 )“^(zi + hz 2 ) 22^22^ + i?i(z), ( 2 - 4 ) 

|a| + |/3|=m 
| a |> 0,|^|>0 

V 

= ReZs + ^ aa,/32“i2f^22"22^ +-Ei(z), (2.5) 

|a| + |/3|=m 
| a |> 0,|^|>0 

where is a polynomial of h and h, and where Ei{z) = OdzaUzl + \z'\^^^). Let T = 
Ti o ']>2. Then we have r(2) = R o T and fl2.5p shows ([i|) of Theorem 12.11 Furthermore, 

since |r(t, 0,0)| = |R o vl/(t, 0, 0)| = |R(7(t))| < \t\^, this proves part dH]). For ([ni]), if we 

consider r(0, 22, 0) and 02.41) . we have 

V 

r(0,22,0) = R(/i22,22) + ^ Ca,p{hZ2)°‘^{hZ2) ^Z2^Z^^ + 0{\Z2\'^^^). 

\a\ + \P\=m+l 
|a|>0,|/3|>0 


Then Lemma [2.41 means 


Qm^ 


dZ 2 °'^dZ 2 ^^ 


( 0 ) = 


dmA 


dZ 2 °^‘^dZ 2 


7 ;( 0 , 0)^0 


for some 0 : 2,/32 > 0 with a 2 + 132 = m. Since = «2!/32!oo,a2,o,/32 (ES]), this 

completes the proof. □ 

Gatlin j4] constructed a bounded holomorphic funtion with a large derivative near a 
hnite type point in the boundary of pseudoconvex domain in C^. To construct a similar 
function in C^, we will use the function constructed by Gatlin. In order to achieve this 


6 




















goal, as a first step, we need to consider two dimensional slice with respect to the Z 2 and 
Z 3 variables when zi is hxed at some point. For this, we consider the representative terms 
in the summation part of (ji]) of Theorem 12.11 
Let 


r = {(a, / 3 ); aa,i 3 ^ 0,m < |a| + |/5| <r] and |q;|, \(3\ > 0} 

S = {(p, 9);«i + /3i = P, 0^2 + /32 = ? for some {a, (3) G F} U {(p,0)}. 

Then there is an positive integer N such that {p^, Qu) G F for = 0, • • • ,N and r],^, > 0 

for = 1, • • • ,N satisfying 

(1) (Po,?o) = (P,0), (P7v,gv) = (0,m), Aat = m,r]i= r], 

(2) po > Pi > ■ ■ ■ > Pn and qo < qi < ■ ■ ■ < Qn, 

(3) Ai < A2 < • • • < Aat and pi > r ]2 > ■ ■ ■ > Vn, 

(4) Eizzl + = 1 and = 1 and 

(5) aa,l 3 = 0 if ^ I fQj, ^ ^ ^ 

Note that if 1 < / < m, then q^^i < I < q^ for some Z2 = 1, • • • , iV. Let Li, be the line 
segment from (p^-i, qu-i) to {p^, qy) for each y = ■ ■ ■ , N and set L = Li UL2 U - ■ - UL]^. 

Dehne 

• F= {(«, /3) G F; a + /5 G L}. 

(r] if / = 0 

* if qu-i < I < qu for some y. 

Note that (t;,/) and {pu,qu) are collinear points in the hrst quadrant of the 

plane and iq^ and Xy are the x, y-intercepts of the line. 

Now, we want to show that for each element [py, qy) with z/ = 1, • • • ,N, there is some 
{a, (3) allowing a mixed term in the Z 2 variable. To show this, we need to use a variant 
of the notations and the results from Lemma 4.1 and Proposition 4.4 in |3]. For t with 
0 < f < 1 and each = 1, • • • , A^, dehne a family of a truncation map —?• by 

H'l'{Zi, Z 2 , Z 3 ) = {t^^/'^'''^Zi,t^^^^'''^Z 2 ,tZ 3 ). 

Set r’j' = and P = Note that 

P(2;) = Re2;3+ ^ aaua2,i3i,q2Zi''^ 2 ^^ ■ 

fn+£i I fi2+£2_i 
Vy ^ 

(a,/3)Gri, 
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Let r and r'^ be a defining fnnction of and Vty near 0. Observe that if O is psendo- 
convex, then VLy mnst also be psendoconvex, for eqnals the limit in the C'^-topology of 
which for each t is the defining fnnction of a psendoconvex domain. For a fixed (zi, ^2), 
choose ^3 so that [zi, Z 2 , z^) = 0. Let that point z. Since the Hessian of P is nonneg¬ 
ative in the tangential directions at it follows that the Hessian of is nonnegative at 
z. This means is plnrisnbharmonic. 

Lemma 2.5. Consider r in ^ of Theorem, \2.1[ Then for each iz = 1, ■■■, N, there is 
(a'^, (3'') G Fi with > 0, /32 > 0 and -f = {p^, qu). 

Proof. Consider P, which is plnrisnbharmonic. Now, consider 

= limrVH'f^+^V). 

t—>-0 


This is also plnrisnbharmonic. Since ijpy^qi) is the nniqne point with L^, n (i.e., 
2 ii + ^ = 1 and = 1), we have 

(P) =Rez 3 + ^ (2-6) 

a+l3=(pt,,q^) 

(a,/3)Gri 

In particnlar, {a, ft) G F2, means |a|,|/5| > 0. Snppose that (r^) has no terms with 

both 02 > 0 and /32 > 0 in 02.61) (i.e., no mixed terms in Z 2 variable). Thns 

U-\-l _ 

(r^) = Re2;3 Pq^{zi)z2‘^'' + Pq,{zi)z2‘i'' 

where Pq^{zi) = ^ Ca^^| 3 ^Zl°‘^z^'^ with f3i > 0. By the plnrisnbharmonicity of {r'') , 

ai+/9i=p,/ 


(r^)ii (r^)22 -(r^)i2 = 


UZ\ 


where for i^j = 1,2. Therefore, we have = 0. This means 

Pq^{zi) is holomorphic. This contradicts the fact that Pq^{zi) = Ca^^|s^zC'^Zi^'^ 

oii+l3i=p„ 

with /3i > 0. □ 

Now, we define these special terms with respect to the Z 2 variable. Let 


A = {(a,^) G Fi;Q;-i-^ = {Pu,qu),a2 > 0,^2 > 0,z^ 


!,■■■,N}. 


Then we represent the expression of r in terms of these terms. 











Proposition 2.6. The defining function r can be expressed as 


N 

r{z) = Rez 3 + aa,gz''^z'^+ ^ Ma^^pfizi)z 2 ^^z^''+ E 2 {z), (2.7) 

Fl-A 1>=1 Oi2+l32=qu 

a2>0,/32>0 


where ^ = C>(k3|kl+E!Li 

a\+g\=Pv 

iz 2 r+'). 

Proof. By theorem 12.11 we have 

r{z) = Rezg + '^ao,^gz'°‘z'f^ + ^ Oa^pz'^'z'^ + 0(1^31 kl + (2.8) 

Tl r-Fz, 


Suppose that {k,l) = (oi + /9i,a2 + /S2) for some {a,fi) G F — F^. Then, we consider 
two cases; 1 < / < m and m < / < 77. If 1 < / < m, there is a unique u = 1, • • • ,N 

so that Qu-i < I < Qu and ti = — X“^ • ^foce (kj) = (oi + /5i,a2 + fi 2 ) for some 

(a,/5) G F — Fi, ^ ^ > 1. This gives ti = < k. Since k is an integer, 

[ti] + 1 < k. Thus, we have |2;i|^|2:2r — fo^ each I = I,-- - , m. On the other 

hand, if {k, 1) = (oi + /I1, Q!2 + /32) for some (a, /?) G F —F^ and m < I < p, then |2;i|*^|2:2|^ < 
|zi|^|z2|™'^^ < \z 2 \"^^^ for small Zi and Z 2 . Since ~ + \z 2 fi^^, it follows that 

Er-r, + 0(k3|k| + ^'1"+') = ^^(kslkl + Eli \zi\^'‘^^^\z 2 \^ + \z 2 r^^). 

Therefore, r{z) in (12.Sh is represented as 

N qv 

ReZg + + Odzgl |z| + 1^11 ^**^'*'^1^2 I* + 1^21™'"''^) • (2-9) 

Fl v=l l=qt,-i 


Now, apply F^ = (F^ — A) U A for the second part of summation in fl2.8l) . □ 

Remark 2.7. 


i) Ma 2 ,g 2 i.zi) is not identically zero for 0:2 + /?2 = Qv and the homogeneous polynomial 
is of order p^ for each Z2 = 1, • • • , A^ — 1. 

ii) If 12 — N, then |AfQ,2,/32('^i)| a nonzero constant for all 0:2y/I2 ^ 0 with 02 T II2 — 
m = qn since pn = 0 . 

hi) Since Mq 2,^2 (^i) ® homogeneous polynomial of order p^^y = I,-- - ,A^, in Zi- 

variable, there are 9o G [0, 27r] and a small constant c > 0 such that IMq^ 

for all \9 — 9o\ < c and 0 < r < 1. In particular, if we take d = e*®° and r = we 

1 . 

have |Ma2,/32(<^<^’’)| ~ h '' for all a 2 + (I 2 = Qu with all u = 1, ■ ■ ■ ,N. 
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3 The construction of bounded holomorphic function 
with large derivative near the boundary 

1 

Let Zi = d5^. Then, we get a complex two dimensional slice. After the holomorphic 
coordinate change as Proposition 1.1 in [1], we can dehne a bounded holomorphic func¬ 
tion with a large nontangential derivative as in |1] on the slice. In this section, hrst, we 
construct a holomorphic coordinate system in to exactly £t the holomorphic coordi¬ 
nate system as in proposition 1.1 of |1] when zi is hxed as d5^. Second, we show that 
the holomorphic function dehned on the slice is also well-dehned on a family of slices 
along the small neighborhood of Zi = dh’?. To show the well-definedness of the holomor¬ 
phic function up to boundary in C^, we need the estimates of derivatives. Let’s denote 
U\ 1 = U n {{d 6 ^, Z 2 , zs)} and let es = (d6^,0,es) satisfy rCes) = 0. Since ^(0) ^ 0, 
clearly -§^(es) ^ 0. We start with the similar argument as Proposition 1.1 in [1]. 

Proposition 3.1. Fores G U\ , there exists a holomorphic coordinate system {z 2 , z^) = 
^esiC") = (C2,‘^* 3 (C^ 0 )) that in the new coordinate = (C2,C3) defined by 

<i>iF,(C")=(c2, (3.1) 

the function p{d 6 'n, (") = r{dS'n, z") o satisfies 

m 

p{dS^X") = ’Reiz+ Y. “M(e's)Gg + 0(IC3llC"l + IC2r+‘). (3.2) 

j+k=2 

where z" = (z 2 , z^). 

Proof. For es &U\ i, dehne 

•' Li=d5')’ 

4y«.") = («.2 , <=3 + (y - ^ (3-3) 

Then we have 

P 2 {d 6 ^,w'') = r{d 6 ^, z") o = Rewa -|- 0{\w''\‘^), (3.4) 

where w" = {w 2 ,wfij. Now assume that we have dehned ^ so that there 

exist numbers for j,k > 0 and j + k < I so that pfidS^ ,w'') = r{dS^, z") o 
satishes 

i-i 

pi{dS^,w") = Rews ^ aj^k(es)w{wl + 0 {\wfi\w''\ + \w 2 \^), 

j+k=2 

j,k>0 
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where w" = (102,103). If we define o (j)\ where 


then 

satishes 


^'(C") = (C2. C3-^||(<i^fo,o)C|). 




(3.5) 

(3.6) 


;+i^ 


p,+i(<i5f C") = ReC3+ ^ aM(&)ClCj + 0(IC3llC"l+l6 

j-\-k=2 

j,k>0 

where (" = (( 2 , Cs)- Therefore, if we choose = ... = <|>i^o0^o- • 

then p = pm+i = Pm ° = r o This shows (13.11) and (13.21) . where ci{es) is dehned by 


As in |1], we set 

Ai(ei,) = niax{|aj-fc(e5)|; j + k = l}, 1 = 2 , 


, m 


and 


T(es, 5) = min 


Ai(e5) 


1// 


;2 < I < m 


(3.7) 

□ 

(3.8) 

(3.9) 


As we will see later (Remark I3.4p . we have Am{es) 7^ 0 since \Am{es)\ > Cm > 0, where 
h > 0 is sufficiently small. This means 


T(es,S) < S^. 


Dehne 

Rs(es) = {(" e C^; IC2I < Ties, 6 ), Ksl < (3.10) 


Before estimating the derivative of r, we estimate the size of es- Since r(es) = 0, 
Taylor’s theorem in Z 3 about es gives 

1 / CjlT 1 \ 

r(d5^,Q,Z3) = 2Ref—(dh^, 0,65)(2:3 - e^) j + C>(|z3 - e^p). 

If we take Z 3 = 0, then |r((ih^, 0, 0)| = 

I I <C 1 and | ^ | 1 near 0. Therefore |nl) of Theorem 12.11 means | | <5. 


2Re(,g(<ii7,0,0)(-es)) +0(|ejP) 


le^l since 
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Lemma 3.2. Let / = 1, 2, • • • , m and let and be positive numbers as given in Lemma 
\2.,^ for u = 1, ■ ■ ■ , N. Then the function r satisfies 




< 


where 02, /^2 > 0. 


11 


81’' 


■(e.) 


Pi/ 

6 ^ , where > 0 and > 0- 


dz2°‘^ dz2 

Proof. By 02.91) and t; < [t;] + 1, we have 

d^r 




{es) 


£1^ [tj]+i 

<5^ + led +5 -n <5-n. 


For (juj), note that if I = q^, then L = p^. Therefore, 02.Zp gives 

1 d^'^r 


P1/ + I > 




c^V-^^2'-dz,-2dz? 


(es) 


(3.11) 


Pt/ + 1 , 


< \Ma-,g-{dS^)\ + Ci{\es\ + 5 » 


*2 

_ 1 pi/ 

for some constant Ci. Since Remark 12.71 means \Ma;^^g^{dd^) \ ~ S~^, we have 

rp 


dZ2°‘'idZ2 


(es) 


x— 
^ 0 ^ 


□ 


Lemma 3.3. Let pi, and be given as in for I = 2, ■ ■ ■ ,m + 1 and and 

filf be positive numbers as given in Lemma [2. ,51 for 12 = 1, ■ ■ ■ , N. Then 


(ii) 


^^(d5i,0,0) 


, m. 


^ 6 for each k = 1 ,- 

Pv 

ze 6 ^ for each 12 = 1, ■ ■ ■ , N. 


In particular, \ci{es)\ ^ h ’j , where cfies) is given in ([g. 1\) 


Proof. By indnction, we prove both (i) and (ii). For part (i), let I = 2. Since p 2 (d 5 ^, C,'') = 
r{d 6 ^, z”) o <hl^(d''), by chain rnle and Lemma [3. 2 [ we have 


P' 


dCrdC2 


-^{dSv, 0 , 0 ) 


< 

r\j 


d^i 


dzf^dz!^ 


(e^) 


+ 


dr 

dzo 


(e^) 


tu ti tu 

< < hT. 


for all A; = 1, • • • , m. This proves for the case 1 = 2. Now, by indnction, we assnme 


, 0 , 0 ) 

dc,Tdp^ 


tu 

< 6 ^ 
rsj 
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for all A; = 1, • • • ,m and / = 2, • • • ,j. Note that 


Pj+i{dSV, C2, Cs) = Pj{d6v, (2, Cs - 2^(65)Cs). 
If A: < j, the inductive assumption gives 
d’^Pj+i 


(3.12) 


dC^dCt 




(dh^0,0) 


8102^8102'^ 


< 5~ 


Now, let k = j. If Q!2 > 0 and /32 > 0, we have the same result as the previous one. 


Otherwise, = |^(<iilo.O) - 2jtcj(ei)§^(d^i,0,0) = 0. It k > j, the 

inductive assumption gives 


d^Pj+i 




P 2 


{dS’i, 0, 0) 


< 

rsj 


8^ Pj 


8wT8w2^'^ 


{d6^ , 0 , 0) 


+ Wj{es)\ <6^ +S^ <6 


For part (ii), let / = 2 and apply the chain rule again to p 2 , we have 




8z2^ 8z2^^ 


i^s) 


-c 


8r 

8z2 


i^s) 


< 


8‘>''P2 


8 Q 8 C 2 


77((i(5’!,0,0) 


< 


J' 


8z2'^ 8z2^^ 


i^s) 


+c 


8r 

8z2 


(e<5) 


for some constant C. Then, Lemma 13.21 means 


Pi/ tp 

- ST < 


8 ^''P2 , \ 

— .. (dh^0,0) 


^ ^11. 
^0 a +da . 


(3.13) 


Since I < Qi, for each u = 1, - ■ ■ , N, it gives = tq^ < ti. Therefore, we have 

5''"P2 


-{d5a, 0, 0) 


s:^ 

^ 0 ri 


8Q8U 


This proves the statement for the case 1 = 2. By induction, assume 




6 ') . First, consider the case when <1. Since > 0 > 0,hj the similar argument 

as in the proof of (i) and the by inductive assumption, we have 


8'^" pi+i 


8 ( 2 ^ 8 C/ 


■{dda, 0, 0) 


8'^'' O] 1 

-^(dh’),0,0) 

“2 


8w2 ^ 8w2 


Pi^ 

0 ^ = d ^ . 


Now, consider the case when > /, If we take the derivative of p^+i in fl3.12p about ( 2 , 
the derivative related to the third component involves ci{es). Therefore, we have 


8'^-'pi 


8w2^ 8w2^^ 


{d5a, 0,0) 


C'\ci{es)\ < 


9(2 9(2 


< 


9"^^ pi 


8w2^9w2P^ 
+ C'\ciies)\ 


{d6a,0 ,0) 
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for some constant C. Therefore, the indnctive assnmption and part (i) means 






dQdC2 

Since > /, it means py = tq^ < ti. Thns, we have 


<6"^ -s'i 


(3.14) 




aC2"9C2'^2 


s:^ 

~ g rj . 


□ 


Finally, we show that the derivatives of p can be bonnded from below. 


Remark 3.4. Take v = N. Since 

\Am{es)\ ^ 1 . 






\Am{es)\, Lemma fX^ means 


Now, we recall some facts in [1] before showing the holomorphic fnnction defined in 

the complex two dimensional slice(i.e zi is fixed) is well-defined when we move zi in a 

1 

small neighborhood of = d5^. 

Theorem 3.5 (Catlin). Suppose the defining function p for a pseudoconvex domain in 
bVt C has the following form: 


p(C) — R-eC2 + ^ 0‘j,kCi^Ci + C>(IC2||CI + ICiP"''^)- 

j+k=2 

j,k>0 


Set 


Ai = max{|aj_fc|;g + k = 1}, / = 2, • • • , m. 


and 

m 

k=2 

Define 


^a°<5 ~ {C; ICil < IC2I < fl)P(C) < ^'^(C)} for any small constant a, Cq > 0. 


If we have \Am\ > Cm > 0 for some positive constant Cm, then there exist small constants 
a, Co > 0 so that for any sufficiently small 5 > 0, there is a If holomorphic function 


f e satisfying 


LLfQ 




— ^ some small constant b. Moreover, the values 


a and cq depend only on the constant Cm and Cm+i = ||p|lc"*+i(c/) > where U is a small 
neighborhood o/O. 


The result stated in [4] applies to a more restricted situation, but a careful examination 
of the proof actually implies the above result. To apply theorem 13.51 to the complex two 
dimensional slice, we consider the pushed out domain about 65. Let be the map 
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associated with es as in flS.lh . Set U"\ i = {C'' = (C 2 , Cs); (CO ^ U\ 1 }. For all 

’Zl=dS'^ " 'zi=dS^ 

small 6 , define 

JsiC) = + KsT + ^(^A:(e5))^|C2|^*^^ (3.15) 

k=2 ' 

and the pushed-out domain with respect to the slice 

= {(C2,C3); IC 2 I < a, ICsl < a and p{dS^,C) < (^oMC)}- (3-16) 

By Theorem 13.51 we have a holomorphic function / in satisfying 


^Cs 


( 0 , 




(3.17) 


In order to show the well-definedness of the holomorphic function / when zi moves in a 

1 _ 

small neighborhood oi zi = , we use <Fg-^ given as in fl3.1|) and define 


$(Cl,C2,C3) = (Cl,C2,$3(C)), 


where <h 3 (C) is defined by 

$ 3(0 = 65 + ~ ^ cz(e5)C2 - ^(^<5)C2^ (3.18) 

and define 


p(Ci, C 2 , C 3 ) = r{zi, Z 2 , Z 3 ) o <l>(Ci, C 2 , Cs). (3.19) 

1 

In particular, when we fix zi = d6^, we have the holomophic function / defined in the 
slice satisfying fl3.17p . Now, we consider the domain given by the family of the pushed 
out domains of the slice along with Ci axis and the domain in the new coordinate of fl by 
$. Define 

^aACi = ^ Ki - < cS^, IC2I < a, ICsl < a and p{dS^,C”) < eoJsiC')} 

and 

^a,5,Ci = {C e C^; ICi -d^^l < cSv, IC 2 I < a, ICsl < a and p(Ci,C") < 0} 

for some small c > 0 only depending on cq. Since the holomorphic function f{C 2 ,C 3 ) 
defined in is independent of Ci, / is the well-defined holomophic function in 
We want to show / is well-defined holomorphic function in Therefore, it is enough 

to show C for the well-definedness of / in . More specifically, 

^a,5,a C ^ piddKO - p(Ci, C") < eoJdiC"), 
where (" = {(2,(3) and |Ci — d^^l < c 6 ^, IC2I < 0 and |Cs| < a. 
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Proposition 3.6. Given any small e < eo, there is a small c > 0 such that if < 

c6^, IC2I < CL and IC3I < a, then 

\pid 6 -^,a-piCiX'')\<eJs{a- 

Before proving Proposition 13.61 we note that from the standard interpolation method, 
we have the following fact: Let {pi,qi), {p,q) and {j> 2 ,q 2 ) he collinear points in the hrst 
quadrant of the plane, and Pi < p < P2, 92 < 9 < ?i- Then, we have 

icinc2r<iciric2r^ + icinc2r^ 

for sufficiently small Ci, C ,2 G C. In particular, this means that if {a, /3) G Pl, then 

(3.20) 

for some u = 1, ■ ■ ■ , N. 

Proof of Proposition \3.6[ Dehne 


N 


J/(C") = ^+IC3l+E'5^l<2l 


qv 


u=l 


In order to show the proposition, it is enough to show Js^{C) < Js{C') and \p{d6'^, C2, Ca)” 
p(Ci,C2,C3)| < eJ/(C"),^ where |Ci - dS^ < C(5^ IC 2 I < cl and iCsl < a- By ([SS]) and 
aj,k{es) = j\k\-^^{d6^,0,0), we have 




(dh’),0,0)1 < \Ai{es)\ 


dC2^dC2 

for j + k = I with / = 2, • • • , m. Therefore, Lemma [3.31 means that 

dq^p 


X— 

77 ~ 




-{dS^, 0,0) 


< 


(^5) I ) 


where + (dlf = q^, and (dlf > 0. This shows Js^{C') ^ Js{C')- 


or Then, 


Let’s estimate \p{d6^,C") ~ p(Ci)C^OI- Let Di denote the differential operator either 
\p{Ci,C') - p{dSvX")\ <cS^ max jT)ip(Ci, C")l- (3-21) 

\(i-d5v \ <cSv 


Let’s estimate Dip{(i,(''). By 02.91) . 03.18P and 03.19p . we know 

p(Ci. C") = Re('i>3(C)) + 5] a.,,flCi“‘Cf‘C 2 "C? + 0(|4>3(C)II(Ci, C 2 , 4>3(0)I 

Tl 

N qv 

+ 5Z icii'*'’+'ic2i' + ic2r+'). 

u=l l=qv-i 
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— I i 

Since |Ci — | < c6^ and <l>3 is independent of Ci, we have 

|a2+fe 


Tl 


N Qv 

+ I<i>3(C)H-E E <*“14'' 

!^=1 l=qv- 


(3.22) 


Combining fl3.2ip with fl3.22p . we obtain 


N q„ 


wci.c")-p(<i'5fc")i<c(^i'^iC2r+''“ + i<i>3(c)i + E E 

l=qv-l 

With Cl = dS^, (I3.20p means ^ Js’^{C'). Also, (13.7p and Lemma ESI 

Ti 

gives |<h 3 (C)l ^ le^lA ICsl +Eiii |q(^)IIC 2|' ^ ^ + iCsl + Elii IC2|'- Since {ti,l) e for 

[fji+i 

some z/ = 1, • • • , N, again, (I3.2np gives |‘h3(C)| ^ Js^iC')- Furthermore, since 6 ^ IC2I ~ 

□ 


6 ’J |C2|^ the same argument as before gives J2u=i J21=q^_i d |C2|^ ^ Js’^iC) 




Now, we know that there is a holomorphic function /(Ci, C2, Cs) = /(C2, Cs) dehned on 

^a°(5Ci 

i) c 


9(3 


( 0 , 


> ^ for a small constant b > 0. 


'-yj 

Without loss of generality, we can assume ila,s .Cl C C boundedness 

la 

of / in ffa 5^^) we follow the same argument as Chapter 7 (p 462) in [1]. Before showing 
the boundedness, we dehne a polydisc PaiiCo) by 

Pa^iCo) = {C = (C 2 ,C 3 ); IC2 - C2I < r(el,aiJ 5 (Co)) and IC3 - C3I < aiJ 5 (Co)}, 
where Co = (C2 > Ci) and ai > 0. 

£0 

Theorem 3 . 7 . / is bounded holomorphic function in f2o such that 

9 


aC3 V 2 


> — for a small constant b > 0. 
- 26 ^ 


(3.23) 


Proof. Since f is a. Lf holomorphic function in with fl3.23p . it is enough to show / 

is bounded in Let (C2°,C3) ^ {p{d6^ X”) = fMC"), IC2I < Ksl < f) ^ ^a,s,C 

By the similar property as (hi) of Proposition 4.3 in [1], ifc;' = (C2“.C3“)6{p(rfv,c") = 
aJi(C"),|C2l<f,IC3l<f}. then 

P.AO C Kao 
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for some small constant ai > 0. We can apply the same argnment as Chapter 7 (p 462) in 

10 

|1] to obtain |/(C 2 ) Cs)! ^ 1- For all others points on the bonndary and interior of hla 
we can choose the polydics with hxed radins which is contained in and apply the 

same argnment as Chapter 7 in [1]. □ 

4 Proof of Theorem 1.1 

In this section, we prove onr main theorem. Before proving the Theorem, let’s recall the 
notations for Hblder norm and Holder space. For U G C", we denote by ||w|| 2 ,^(; 7 ) the 
essential snpremnm of n G LodU) in U. For a real 0 < e < 1, set 

\u{w) — u{z)\ 

iWlA^iU) = W'^Wl^iU) +SUp^,,x,Gi7 > 

A^{U) = {u : < 00} 

In here, ||ri||Ae(; 7 ) denote the Holder norm of order e. 

By theorem 12.11 we can assnme H = {z G C^]r{z) < 0} and restate Theorem 11.11 

Theorem 4 . 1 . Let H = {r{z) < 0 } 6e a smoothly bounded pseudoconvex domain in C^, 
where r given by theorem \2.1[ Furthermore, if there exists a neighborhood U of 0 so that 
for all a G with da = 0 , there is a u & O fl) and C > 0 such that Bu = a 

and 


then e < -. 

— V 


'^llA'(r/no) — ^ll“llLoo(n), 


(4.1) 


Proof Let ns consider U’ = {(Ci, C 2 , Cs); *h(Ci, C 2 , Cs) e U} and p 
P.19 | ) . Let’s choose (3 = d{(pi ' )<^(M)0(M)/(C2, Ca)), where 

c5'^ ' ' 


Bit) 


1 

0 ,|t|>| 


r o <|> as fl3.18p and 


Note that / is the well-dehned bonnded holomorphic fnnction in 
13.71 If we dehne a = (<F“^)*/5, then d{^*u) = ^*du = <F*q; = {3- 
Ui = <F*n = n o $, (14.ip means 


^“ 5 ^^ by Theorem 
Therefore, if we set 


l|h^l|lA'^([/'nO) — F^II/d|lLo 

In here, we note that the dehnition of {3 means 


(4.2) 


(4.3) 
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Now, let /i(Ci,C2,C3) = f/i(Ci,C2,C3) -0(^i^)</-(^)0(;j|)/(C2,C3). Then dU^ = ^ 

means/i is holomorphic. Set qf{9) = + 0, — y) and q' 2 (^) = {d6^+ ^c5^,0,—b5), 

where 0 G M. From now on, we estimate the lower bonnd and upper bound of the integral 


H,= 


- 27 r 


- - h{q^,{9))]d9 


From the dehnition of 0, fl4.2p . and fl4.3p we have 

1 /•27r 


H, = 


^ [uMm - Ui{qm)]d9 




(4.4) 


On the other hand, for the lower bound estimate, we start with an estimate of the 
holomorphic function / with a large nontangential derivative we constructed in theorem 
13.71 The Taylor’s theorem of / in and Cauchy’s estimate means 

/(O, (3) = /(O, f (0. -f )(C3 + f) + o(|C3 + 

Now, if we take ^3 = —bS, we have 

/(0.-M)-/(0,-f) = |(0,-h)(-^) + 0(n 


Since |^(0, -f )| > T, we know 




|/(0,-W)-/(0,--)| = 




> 1 


(4.5) 


for all sufficiently small 5 > 0. Returning to the lower bound estimate of Hg, the Mean 
Value Property, fl4.2p . fl4.3p . and fl4.5p give 


H5 = 


- 27 r 


^ / [/<(«?(«))) - m{0))]d(i 


ijr 

h{d6^, 0 , ~ h{dS'^, 0 , —bS)) 


> 


7 r 7 r 

U.idd^O, --) - /(O, --) - U.idsKo, -b6) + /(O, -b6) 
/(O, -b6) - /(O, -^)| - IVi(d5V0, -y) - U,{dS-.,0, -b6) 


> 1 - 

If we combine fl4.4p with fl4.6p . we have 

1< V-T 

If we assume e > ^ and 5 —)■ 0, fl4.7p will be a contradiction. Therefore, e < 


(4.6) 


(4.7) 

□ 
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